ON HOLOMORPHIC SECTIONS OF VEECH HOLOMORPHIC 
FAMILIES OF RIEMANN SURFACES 



YOSHIHIKO SHINOMIYA 



Abstract. We give upper bounds of the numbers of holomorphic sections of 
Veech holomorphic families of Riemann surfaces. The numbers depend only 
on the topological types of base Riemann surfaces and fibers. We also show a 
relation between types of Veech groups and moduli of cylinder decompositions 
of fiat surfaces. 

1. Introduction 

Let M(g, n) be the moduli space of Riemann surfaces of type (g, n) with 2>g — 3 + 
n > 0. A triple (M,n,B) of a two-dimensional complex manifold M, a Riemann 
surface B, and a holomorphic map ir : M — > B is called a holomorphic family of 
Riemann surfaces of type (g,n) over B if each fiber X t — 7r _1 (t) is a Riemann 
surface of type (g, n) and the induced map B 3 t H> X t G A/(<?, n) is holomorphic. 
The Riemann surface B is called the base space of the holomorphic family (M, ir,B) 
of Riemann surfaces. A holomorphic family of Riemann surfaces is called locally 
non-trivial if the induced map is non-constant. Imayoshi and Shiga [IS88J proved 
that every locally non-trivial holomorphic family (M , n, B) of Riemann surfaces 
of finite type has only finitely many holomorphic sections if the base space B is 
of finite type. Shiga |Shi97] gave upper bounds of the numbers of holomorphic 
families of Riemann surfaces of type (g,n) = (0,n)(n > 4), (1,2) and (2,0). The 
upper bounds also give upper bounds of the numbers of holomorphic sections of 
holomorphic families of Riemann surfaces of such types. 

In this paper, we study holomorphic sections of Veech holomorphic families of 
Riemann surfaces. Let A be a Riemann surface of type (g, n) with 3g — 3 + n > 0. 
A flat structure u is an Euclidean structure on A with finitely many singularities 
such that every transition function is of the form w — ±z + c. The pair (A, u) of a 
Riemann surface A and a flat structure u on A is called a flat surface. All punc- 
tures of A and singularities of u are called critical points of the flat surface (A, u). 
Denote by C(A, u) the set of all critical points of (A, u). We assume that the Eu- 
clidean areas of flat surfaces are finite. The affine group Aff + (A, u) of a flat surface 
(A, u) is the group of all quasiconformal self- maps of A which preserve C (A, u) 
and are affine with respect to the flat structure u. Each element h of Aff + (A, u) is 
called an affine map. The derivatives A g GL(2,R) of the descriptions w = Az + c 
of an affine map h is uniquely determined up to the sign and they are in SL(2, M). 
Thus, we have a homomorphism D : Aff + (A, u) — > PSL(2,K). We call the homo- 
morphism the derivative map. The Veech group T(A, u) of (A, u) is the image of 
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the derivative map. Veech }Vee89j proved that T(X, u) is a Fuchsian group and the 
mirror image B of the orbifold M/T(X, u) is holomorphically and locally isometri- 
cally embedded into the moduli space M(g, n) with the Teichmiiller metric. Let 
B be a Riemann surface obtained from B by removing all cone points. The Veech 
holomorphic family of Riemann surfaces of type (<?, n) over B induced by (X, u) 
is the holomorphic family of Riemann surfaces corresponding to the holomorphic 
embedding of B into the moduli space M(g,ri). We show in [Shil2] that every 
holomorphic section of Veech holomorphic families of Riemann surfaces is locally 
the orbit of a point a 6 (X, u) for Teichmiiller deformations and the point satisfies 
Aff + (X, u){a} = Ker(D){a}. In [Shil2] , we also give upper bounds of the numbers 
of holomorphic sections of Veech holomorphic families of Riemann surfaces such 
that the corresponding flat surfaces have simple Jenkins-Strebel directions. The 
upper bounds depend only on the topological types of fibers and base spaces. How- 
ever, flat surfaces do not have simple Jenkins-Strebel direction in general. In this 
paper, we give upper bounds of the numbers of holomorphic sections of all Veech 
holomorphic families of Riemann surfaces which depend only on the topological 
types of fibers and base spaces. We also give a relation between types of Veech 
groups and moduli of cylinder decompositions of flat surfaces by Jenkins-Strebel 
directions. It claims that ratios of moduli of cylinders restrict to the types of Veech 
groups. 

2. Preliminaries 

In this section, we define flat surfaces, Veech groups, and Veech holomorphic 
families of Riemann surfaces. We also study their properties and some theorems in 
}Shil2] which are referred to in this paper. 

Let X be a compact Riemann surface of genus g and X a Riemann surface of 
type (g, n) with 3g — 3 + n > which is X with n points removed. 

Definition 2.1 (Flat structure and flat surface). A flat structure u on X is an atlas 
of X with finitely many singular points which satisfies the following conditions: 

(1) local coordinates of u are compatible with the orientation of X, 

(2) transition functions are the form 

w = ±z + c 

in z(U n V) for (U, z), (V, w) € u with U n V ± 0, 

(3) the atlas u is maximal with respect to (1) and (2). 

A pair (V, u) of a Riemann surface X and a flat structure u on X is called a flat 
surface. All punctures of X and singular points of u are called critical points of 
(X, u). The set of all critical points is denoted by C(X,u). 

On a flat surface (X, u), we may consider Euclidean geometry. For instance, area, 
segments, lengths or directions of the segments are considered on (X, u). In this 
paper, we assume that the Euclidean area of (X, u) is finite. A ^-closed geodesic on 
(X, u) is a closed geodesic with direction 9 G [0, n) which does not contain critical 
points. A segment connecting critical points with direction 9 is called a ^-saddle 
connection. If 9 = 0, we also call a ^-closed geodesic a horizontal closed geodesic, 
and a 0-saddle connection a horizontal saddle connection. 
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Definition 2.2 (Jenkins-Strebel direction). A direction 9 £ [0, 7r) is called a 
Jenkins-Strebel direction if almost all points in (A, u) are contained in 0-closed 
geodesies. 

Let 9 £ [0, 7r) be a Jenkins-Strebel direction. If z £ (X, u) is not contained 
in (9-closed geodesies, then z is on a ^-saddle connection. Let us remove all 9- 
saddle connections from A. Then X has finitely many connected components. 
Every connected component R is a cylinder foliated by 0-closed geodesies and the 
boundary of R consists of saddle connections. The core curves of the cylinders are 
not homotopic to each other and not nomotopic to a point or a puncture. See 
[Str84] . 

Definition 2.3. If a Jenkins-Strebel direction 9 decomposes X into m cylinders 
R\, ■ ■ ■ , R m , then the direction 9 is called a m- Jenkins-Strebel direction. In partic- 
ular, if m = 1, then we call the direction 9 a simple Jenkins-Strebel direction. The 
decomposition {Ri} is called a cylinder decomposition of (X, u) by a Jenkins-Strebel 
direction 9. 

Remark. Since the core curves of Ri's are not homotopic to each other, m is less 
than 3g — 3 + n. 

Let u — {([/, z)} be a flat structure on X. For every A £ SL(2,R), a flat 
surface A ■ (A, it) — (X,ua) is defined by ua = {{U,A o z)}. The set C(X, ua) 
of critical points of (X, ua) coincides with C(A, it) and ua gives a new complex 
structure of X. The SL(2, R)-orbit of the flat surface (X, u) in the Teichmiiller 
space T(A) is defined by A = {[A ■ (X,u),id] : A £ SL(2,R)}. It is easy to show 
that [A-(X,u),id] = [UA-(X,u),id] in T(X) for A £ SL(2,R), U £ SO(2 ). Thus, 
the bijection : SO(2) \ SL(2, M) — > H defined by </>(SO(2) ■ A) = -A~ l {i) induces 
a map t : H — » T(X). Here, ^4 _1 (-) acts on H as a Mobius transformation. 

Proposition 2.4 f |EG97] . [HS07] ). The map t : H — > T(X) is holomorphic and 
isometric embedding from the hyperbolic plane H mfo i/ie Teichmiiller space T{X) 
with the Teichmiiller distance. Every holomorphic and isometric embedding from 
H into T{X) is constructed from a flat surface as above. 

Let t : H — > T(X) be a holomorphic and isometric embedding constructed from 
a flat surface (X, u) of type (g, n). The image A = t(H) is called a Teichmiiller disk. 
We consider the image of the Teichmiiller disk A into the moduli space M(g,n). 
Since M(g,n) — T(X)/Mod(X), the image of the Teichmiiller disk is described as 
A/Stab(A). Here, Mod(X) is the mapping class group of X and Stab(A) is the 
subgroup of Mod(X) consisting of all mapping classes which preserve A. 

Definition 2.5 (Affine groups). A quasiconformal self-map h of X is called an 
affinc map of (X, u) if h preserves C(X, u) and, for (U, z) and (V, w) £ u with 
h(U) £ V, w o h o z^ 1 is the from w = Az + c for some A £ GL(2, R) and c £ C. 
The group of all affine maps of (X, u) is denoted by Aff + (A, u) and we call it the 
affine group of (X, u). 

By the definition of flat structures, the derivative A of the affine map w o ho z^ 1 
is uniquely determined up to the sign. Moreover, the assumption that the area of 
(A, u) is finite implies that A is in SL(2, M). Therefore, we obtain a homomorphism 
D : Aff + (A, u) —> PSL(2,R). The homomorphism is called the derivative map. 
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Definition 2.6 (Veech groups). We call the image T(X,u) = D(AS + (X,u)) of the 
derivative map D the Veech group of (X, u). 

Proposition 2.7 ([Vcc89 ). Affine maps of(X,u) are not homotopic to each other. 
Hence, the group AS + (X, u) is considered as a subgroup of Mod(X). 

Veech proved that Veech groups give the images of Teichmiiller disks into the 
moduli spaces as follows. 

Theorem 2.8 ( [Vee89j . |EG97j . |HSuT] ). The affine group AS + (X,u) coincides 
with Stab(A). For t 6 i and h G AS + (X,u), we have K(i{t)) = ^RARr 1 ^)). 
Here, A = D(h), R = ( - 1 ? ) and RAR- 1 is a Mobius transformation which 
acts on H. 

Corollary 2.9 f [Vee89j . |EG97j . [HS07] ). The Veech group T(X,u) is a Fuchsian 
group. Let T(X,u) = RT(X,u)R~ 1 . The orbifold M/T(X, u) is holomorphically 
and locally isometrically embedded into the moduli space M(g,n). The embedded 
orbifold is the image of the Teichmiiller disk A into the moduli space M(g,n). 

Veech holomorphic families of Riemann surfaces are given by such holomorphic 
and locally isometric embeddings $ : M/T(X,u) -> M(g,n). Let H* be H with 
elliptic fixed points of T(X, u) removed. Since every point t G B = W/T(X, u) 
corresponds to a Riemann surface X t — $(t), we may construct a two-dimensional 
complex manifold M by 

M = {(t, z) :t S B,z G X t = $(*)} . 

Let 7T : M — > B be the projection n(t, z) — t. Then the triple (M, tt, B) is a holomor- 
phic family of Riemann surfaces. See |Shil2j . for more details of the construction 
of the holomorphic families of Riemann surfaces. 

Definition 2.10 (Veech holomorphic families of Riemann surfaces). A holomorphic 
family of Riemann surfaces constructed as above is called a Veech holomorphic 
family of Riemann surfaces of type {g, n) over B. 

Through this paper, we assume that the Veech groups T(X,u) of flat surfaces 
(X, u) are Fuchsian groups of finite types. If the Veech group T(X,u) of a flat 
surface (X, u) is of type (p, k; v\, ■ ■ ■ , Vf.) (z/j G {2, 3, • • • , oo}), the base space B of 
the corresponding Veech holomorphic family of Riemann surfaces is of type (p, k). 

In |Shil2j , we characterize holomorphic sections of Veech holomorphic families 
of Riemann surfaces. Let (X, u) be a flat surface of type (g, n) and (M, tt, B) the 
Veech holomorphic family of Riemann surfaces defined by (X, u). A holomorphic 
section of (M,tt,B) is a holomorphic map s : B — >• M such that n o s = ids- 
Let p : H — > H/r(V, u) be the universal covering map. For each t € H, let 
/(- : X — > fj(X) be the Teichmiiller map whose Beltrami coefficient pq satisfies 
l l t = f^f^f f° r au z ) e u - Then the Riemann surface fj{X) coincides with 

Theorem 2.11 ([Shil2j). Let s : B — > M be a holomorphic section of the Veech 
holomorphic family (M,tt,B) of Riemann surfaces induced by (X,u). There exists 
a G (X,u) such that s o p(t) = (t, fj(a)) for all t G H*. Moreover, the point 
a G (X,u) satisfies AS + (X,u){a} = Ker(£>){a}. 
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Let r be a finite index subgroup of T(X,u) and T = RTR' 1 . Let p : H/r —> 
M/T(X,u) be the covering map. The holomorphic and locally isometric map $ o 
p : H/r — > M(g,n) constructs a holomorphic family of Riemann surfaces. Let 
H^- be the upper half-plane H with elliptic fixed points of T removed. We set 
B' = Hi/r, M' = {(*, z) :teB',zeX t = ^>o p(t)}, and n' : M -> £' to be a 
projection Tr'(t,z) — t. Then the triple (M' ,w' , B') is a holomorphic family of 
Riemann surfaces of type (g,n) over B' . 

Corollary 2.12 ( Shil2j). A holomorphic section s' : B' — >■ M' of the holomorphic 
family (M 1 , n' \B') of Riemann surfaces as above corresponds to a point a G X 
satisfying D^ 1 (T){a} = Ker(D){a}. 

In }Shil2j . we estimate the number of points a G X satisfying AS + (X, u){a} = 
Ker(D){ct} in case that (X,u) has a simple Jenkins-Strebel direction. The estima- 
tion gives upper bounds of the numbers of holomorphic sections of Veech holomor- 
phic families of Riemann surfaces induced by such flat surfaces. 

Theorem 2.13 ( Shil2 ]). Let (X,u) be aflat surface of type (g,n) with a simple 
Jenkins-Strebel direction. Let (M, it, B) be the Veech holomorphic family of Rie- 
mann surfaces induced by (X,u). Suppose that the base space B is of type (p,k). 
Then the number of holomorphic sections of (M, n, B) is at most 

327r(2p - 2 + k)(3g - 3 + nj 2 (3g - 2 + n) - 2g + 2. 

In Section [3l we give upper bounds of the numbers of holomorphic sections of all 
Veech holomorphic families of Riemann surfaces by extending the proof of Theorem 
12.131 in Shil2 . We also apply the following theorem in |Shil2j . 

Theorem 2.14 ( |Shil2| ). Let T < PSL(2,M) be a Fuchsian group of type (p,k : 
v \i • ' ■ i v h) iyi £ {2, 3, ■ • • , oo}). Let fco be the number of vi 's which are equal to 
oo. Assume that T contains J ^ and it is primitive. Then there exists 

G r such that 

1 < \c\ < Area(H/P) - k + 1. 

Here, Area (R/T(X, u)) is the hyperbolic area of the orbifold H/r. 

The first inequality is the consequence of the Shimizu lemma (c.f. |IT92j ). 

Lemma 2.15 (The Shimizu lemma). Let T < PSL(2,K) be a Fuchsian group. 

G r and it is primitive. Then c — or \c\ > 1 for all 



(: 



(: 5) 



(s :) 



Assume that 

g r. 

Remark. It is known that 



Area (H/T(X, u)) = 2tt \2p - 2 



for a Fuchsian group L of type (p,k : fi, ■ ■ ■ ,Vk)- See [FK92] . The Shimizu lemma 
also means that the horodisks centered at punctures of H/r whose areas are 1 do 
not intersect each other. 
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Proof of Theorem [2l4\ Suppose that |c| > Area(H/r)-fc + l for all 
T with c ^ 0. Let pi, • • • ,Pk be punctures of H/T. We assume that p\ corresponds 
to ^ I I ^ . Let Ui be the horodisks centered at pi (i G {2, • • • , fc }) whose areas 

are 1. By the Shimizu lemma, UiHUj = <fi (i ^ j). By considering the Ford region 
of T, it is easily proved that p\ has the horodisk U\ whose area is Area(H/F) — k + l 
and Ui n Ui = 4> for all i G {2, • • • , fco}- Moreover, H/L — Ui has a positive 
area. Therefore, 

fco 

Area(H/L) > ^Area(C7i) = Area(H/F). 

i=l 

This is a contradiction. □ 

Finally, we see another property of Veech groups. 

Theorem 2.16 (The Veech dichotomy theorem [Vee89| ) ■ Let (X,u) be a flat sur- 
face. Suppose that the Veech group T(X,u) of (X,u) is of finite type. Then every 
direction 8 G [0,7r) satisfies one of the following properties: 

• The direction 9 is a Jenkins-Strebel direction. Let i be the cylinder 
decomposition of(X, u) by the direction 8. Then the ratio mod(i?i) /mod( Rj) 
is a rational number for all i, j € {1, • • • , fc}. 

• Every 8-direction geodesic is dense in X and uniquely ergodic. That is, the 
8-direction geodesic flow has only one transverse measure fi up to scalar 
multiples such that the flow is ergodic with respect to fx. 

Here, the modulus mod(i?;) of the cylinder Ri is the ratio of the circumference to 
the height. 

For details of ergodicity, see |KH95j . [NikOlj . 

3. Main Theorems 

In this section, we prove the following two theorems. First theorem gives upper 
bounds of numbers of holomorphic sections of all Veech holomorphic families of 
Riemann surfaces. The second theorem gives a relation between types of Veech 
groups of flat surfaces and moduli of cylinders of cylinder decompositions of the 
flat surfaces. 

Theorem 3.1. Let (M,ir,B) be a Veech holomorphic family of Riemann surfaces 
of type {g,n) over B. Suppose that the base space B is a Riemann surface of type 
(p,k). Then the number of holomorphic sections of(M,ir,B) is at most 

327r(2p - 2 + k)(3g - 3 + n) 2 ^2{ig - 3 + n) + 3 exp 0(3g - 3 + n) 

Theorem 3.2. Let (X,u) be a flat surface of type (g,n). Suppose that the Veech 
group r(A, u) is of type (p,k : v\, ■ ■ ■ , PjS) (i>i G {2, 3, • • • , oo}). Let {Ri} be the 
cylinder decomposition of (X, u) by a Jenkins-Strebel direction. Then, 

for all i, j G {1, • • • , m}. 
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By Theorem I2.11[ a proof of Theorem 13. II is given by estimating the cardinality 
of the set 

S(X,u) = {zel: A$ + (X,u){z} = Ker(D){z}} . 

Let ip : X — > Y = X/Ker(D) be the quotient map. Then Y has a flat structure 
u' induced by the flat structure u on X. Assume that Y is of type (g',n'). Since 
T(X, u) = Aff + (A, it)/Ker(Z>), we may consider T(X, u) as a subgroup of the affinc 
group AS + (Y,u'). Then, ip(S(X,u)) = {w G Y : r(X,tt){w} = {w}}. Theorem 
12.161 and the assumption that T(X, u) is of finite type imply that the set of all 
Jenkins-Strebel directions of (X,u) is dense in [0, tt). We may assume that the 
direction 9 — is a m- Jenkins-Strebel direction of (X, u) for some 1 < m < 3g — 
3 + n. Then 9 = is also a ml- Jenkins-Strebel direction of (Y, u') for some ml < m. 
Let {RiY^i and {R'^}JL 1 be the cylinder decompositions of (X,u) and (y, it') by 
the direction 9 = 0, respectively. We define a map a :{!,■■■ , m} — > {1, • • • , m'} 
by a(i) = j if ip(Ri) = R'j. By Theorem I2.16[ the Veech group T(X,u) contains 

(6^0). As T(X, u) is of finite type, T(X, u) also 
c ^ 0). We set 



elements of the form 
contains elements of the form 
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[( 







)] 



&o = inf {|6| 



and 



Let A = 



c\ = inf 



I ay by \ 
\ cy dy J 



{\c\: 
and B = 



(: 



er(I,«),Mo} 

be elements of T(X, u) which attain the 



numbers c\ and bo, respectively. Denote by h' A and h' B the elements of Aff + (y, u') 
corresponding to A and B, respectively. Let /j be a vertical open interval connecting 
two boundary components L'j l and L'j 2 of R'j for each j G {1, ■ • • , m'}. Let be 
the horizontal closed geodesic containing w G /j. We set 

^j" o = { w e ^j' • C contains a fixed point of h' B }. 
Then we consider the set 



Cross(^) = [ U U (4n/4(4)) ] (J ( U U {L' 3 ^h' A (L' hr )) 

i j=l 



=1 r=l,2 



Lemma 3.3. TTie sef Cross(^4) contains (p(S(X,u)). 

Proof. Since tp(S(X,u)) is the set of all fixed points of r(A, u) on (y, u'), the set 
ip(S(X,u)) is contained in Cross(A). □ 

Let Hi,Hj be heights of the cylinders Ri,R'j and Wi,Wj circumferences of the 
cylinders Ri,R'j, respectively. Recall that the moduli of Ri and R'j are defined by 
mod(iJi) = Wi/Hi and mod(i^) = W^'/ifj. Since 



and 
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we have 

mod(i?i)/)iKer(L>) < mod(i^ (i) ) < 2mod( J R J ). 
Lemma 3.4. If j = <r(i), then 

[ MKer(fl) - 
S mod(i?0 • 

Here, \x\ is the smallest integer which is greater than or equal to x. 

Proof. Suppose that j = a(i). If h' B does not fix Rj, then (t/j = 0. If h' B fixes 
R'j and permutes two boundary components of R'p then jj/^o = 1. Otherwise, by 
identifying Rj with [0, Wj) x (0, the affine map ft.^ can be represented as 



for some < £ < 1. Thus, $V jfi < 



1 


bo 







< 


-b H' 3 


w; 







- 1 < 



MKcr(£>) 
mod(_Ri) 



□ 



Lemma 3.5. For every j G {1, • • • , m'} and w E 7j , i/ie inequality 
t(l' w nh' A (l'J) < 2mod(i? 4 )ci 

Proof. Assume that j = a(i). Since w Q i ) — ( wCi )' f° r an y w e ^j,o> 
tt (C n /4(C)) < ^Ci/77' < 2mod(i? 4 )ci. 



□ 



Lemma 3.6. 



Proof. 



j=lr=l,2 i=l 



U U ( £ i r n W) ^ EE»(% n ^M 



j=l r =l,2 



j=l r=l,2 



< 



y^4mod(.Ri)ci. 



□ 



Proposition 3.7. 



tfS(X,u) < 26 oCl ttKer(U)5] (pCer(£)) 



i=i 



3mod(i?i) 
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Proof. By Lemma 13.41 Lemma 13.51 and Lemma 13. 6[ we have 

$S(X,u) < ^(CrossLA)) 

< )jKer(Z>) • jjCross(A) 

"MKerCD) 
. mod(i? l ) 

MKerGD) 
mod(i?i) 

3mod(i?i 



< )jKer(Z>) ^ 2mod(i?i)ci 

»=i 

m 

< )JKer(L>) ^ 2mod(.R i )ci 

i=l 



26 ci|lKer(£>)^ (ttKer(D) 



i=l 



b 



a 



To prove Theorem l3. II and 13.21 we estimate &qCi, pCer(Z)), — - , and mo j°j. .) ■ 
By Theorem 12. 141 we have 

b d < Area(H/r(A,w)) . 

For all i G {1, ■ • • , to}, let sj,s? be the numbers of horizontal saddle connections 
on two boundary components of Ri. 

Lemma 3.8. 



E(4 + s ?) <4(3g-3 + n). 

i=i 

Proof. By considering the Euler characteristic of X, the equation 

ra 

X>} + «?) = 2(2 5 -2 + ftC(X,«)) 

i=l 

holds. Let <? be the holomorphic quadratic differential on (X, u) such that g = dz 2 
for (£7, z) s w. All points of X\G(X, u) are not zeros of g. Every point of C(X, u)DX 
is a zero of q and the orders of the punctures of X with respect to q are greater 
than or equal to —1. By the Riemann-Roch theorem, the sum of orders of all zeros 
of q is 4g — 4. Hence, jJC(X, it) < Ag — 4 + 2n and we obtain the claim. □ 



Lemma 3.9. 



SKer(D) < 4{3g - 3 + n). 



Proof. Each element of Ker(Z?) is uniquely determined by the image of a sad- 
dle connection and its orientation if it exists. Therefore, we obtain §Kei(D) < 



X>i+«i) <4(3 5 -3 + n). 



Lemma 3.10. For all i £ {1, • • • , m}, 



□ 



^exp ( --(3g-3 + n) ) < 



b 



mod(Ri) 



< 2exp -(3g-3 + n) Area (M/T(X, u)) 



Remark. Theorem [321 is immediately proved from Lemma 13.101 
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To prove Lemma I3.10[ we consider the Landau function G(n) . The Landau 
function G(n) is the greatest order of an element of the symmetric group S n of 
degree n. 

Remark. Landau showed that 

hm = 1 

and Massias [Mas84] showed that 

log(G(n)) < 1.05313 . . . y/nlog(n) 

with equality at n = 1319766. In this paper, we apply the following inequality 
which is easily proved 

G(n) < exp . 
This inequality is better than Massias's if n < 27. 

Proof of LemmaWjJh Take h A ,h B e AS + (X,u) with D(h A ) = A,D(h B ) = B. 
There exists uiq < G(m) such that h^ (Ri) = Ri for all i € {1, • • • , m}. Then 
^b" preserves each boundary component of Ri. For each i, we choose of < s'-' 

(r = 1,2) such that h B i i fixes each boundary component of Ri pointwise. Set 

m 

a = 2m ]^[ a\o% . 

i=l 

By Lemma [3781 

m 

a < 2G(m)Y[s 1 i s 2 i 



i=l 



2m 



i m 

* 2 ^(7) £( s i+ s ')/2r 
U=i 

A, A f 2(3 5 -3 + n) 

< 2exp f _(3 5 -3 + n) ' J 

< 2 exp ^-(35-3 + n) 

Let Ci be a core curve of the cylinder Ri for each i S {1, • ■ • , to}. Then h% is a 
composition of right hand Dehn twists along Ci (i = 1, • • ■ , m). Hence, for every 
i € {1, ■ • • , rn}, there exists rii > 1 such that a6o = nimod(i?i). Thus 

mod(-Ri) a /5 

< 2 exp -(3.g — 3 + n 



6 rij V e 

Next, let us consider the affine map h = h^ 1 o /ig o /i^. The derivative of /i is 



D{h) = A~ 1 BA = 



1 + aboC\di abodf 
—abocf 1 — otbQCidi 



ON HOLOMORPHIC SECTIONS OF VEECH HOLOMORPHIC FAMILIES 11 

Since we have 

m 

W i ab ci = J2HKCi)<^Cj)H j 

3 = 1 

for all i G {1, • • • , to}. Then we have 

modiR^abocj = — ]T tt (ft(C<) n C,-) ZTj 

> (t (ft(Ci) n 

= tt(^§(^(Ci))n/iA(Ci) 

> i 

since ft. a (Cj) intersects at least one of Cj's and hg fixes all boundary components 
of ijj's. Therefore, by Theorem [2.14[ 

&o (^oci) 2 



mod(-Rj) niod(i?i)6oC! 



2rxp ( -(3g-3 + n) j Avon. CI/H A'. //))' 



□ 



Proof of Theorem \3.1\ Since to is the number of cylinders of a cylinder decomposi- 
tion of (X, u), we have to < 3g — 3 + n. By Theorem 12. 141 Proposition 1X71 Lemma 
and Lemma 13.101 we have 

3mod(i?i 



< 



26oCi(|Ker(£>)^ t(Ker(£>) 



b 



< 327r(2p - 2 + k)(3g - 3 + nf ^2(3g - 3 + n) + 3exp 0(3.g - 3 + n) 

□ 

Let r be a finite index subgroup of T(X, u) which is of type (p' ,k' : v[, ■ ■ ■ ,v' k ,) 
(y[ 6 {2, 3, • • • , oo}). Let (M', 7r', B') be a holomorphic family of Riemann surfaces 
corresponding to T as in Section [2] By the same argument as above, we obtain the 
following corollary. 

Corollary 3.11. The number of holomorphic sections of the holomorphic family 
(M' ,n' , B') of Riemann surfaces is at most 

327r(2p' - 2 + k')(3g - 3 + nf \2(3g - 3 + n) + 3exp [ ~(3g - 3 + n) 
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